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Abstract-In this paper, we will study the propagation of magneto-acoustic waves in a thermally 
conducting isothermal atmosphere. We will consider the case of a dominant magnetic field. It is 
shown that the atmosphere may be divided into two distinct regions. For the small Newtonian 
cooling coefficient compared to the adiabatic cutoff frequency, the motion in the lower region, is 
approximately adiabatic. When the Newtonian cooling coefficient goes to infinity it will act directly 
to eliminate the temperature perturbation associated with the wave in a time small compared to the 
adiabatic cutoff frequency. In the upper region, the solution will decay with the altitude to a constant 
value. These two regions are connected by a transition region, in which the reflection and the wave 
modification take place. Reflection coefficients and two equations for resonances are derived. 
1. INTRODUCTION 
The reflection and dissipation of magneto-acoustic waves in an isothermal atmosphere have been 
investigated extensively in recent years. The motivations for these investigations comes from 
their applications to phenomena in compressible ionized fluids, such as solar, stellar and earth’s 
atmospheres (see [l-9] for references). 
In this paper, we will study the combined effects of Newtonian cooling and thermal conduction 
on the propagation of atmospheric waves in an isothermal atmosphere permeated by a uniform 
horizontal magnetic field. The motivation for the study of the effect of Newtonian cooling on 
magnetoacoustic waves relates to the energy balance in the solar atmosphere. Thus, to estimate 
the total energy flux that some type of waves can transport from the convective zone into the 
chromosphere, we have to estimate both the energy flux initially generated by the convective 
zone and the fraction of the flux dissipated in the phoiosphere by radiative damping. This 
problem leads to a singular perturbation problem which may be solved by matching inner and 
outer approximations in an overlapping domain. It is shown that the magnetic field creates 
a reflecting layer and the atmosphere may be divided into two distinct regions. In the lower 
region, the effect of the thermal diffusivity and the Alfven speed is negligible, and for the small 
Newtonian cooling coefficient compared to the adiabatic cutoff frequency, the oscillatory process 
is approximately adiabatic and the solution can be represented as a linear combination of an 
upward and a downward propagating wave. When the Newtonian cooling coefficient goes to 
infinity, the heat exchange due to radiation will be intense and the temperature perturbation 
associated with the wave will be eliminated in a time small compared to the adiabatic cutoff 
frequency. Also, it is shown that the reflecting layer acts as a nonabsorbing barrier for a small 
and a large value for the Newtonian cooling coefficient. In addition, it behaves like a reflecting 
and an absorbing layer through the period of transformation of the oscillatory process from the 
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adiabatic form to the isothermal one. Above the reflecting layer, the solution will decay with the 
altitude to a constant value before it is influenced by the effect of the thermal conduction. Thus, 
the influence of the thermal conduction on the wave motion may be excluded. Two equations for 
resonance are derived. One for the adiabatic oscillation and one for the isothermal motion. These 
equations show that resonance may occur for infinite values of the frequency and of the magnetic 
field if the wavelength, in the lower region, is matched to the strength of the magnetic field. At 
the resonance frequencies, the magnitude of the kinetic and magnetic energies will increase to 
very large values. 
2. MATHEMATICAL FORMULATION OF THE PROBLEM 
We will consider an isothermal atmosphere, which is inviscid and thermally conducting, and 
occupies the upper half-space z > 0. It will be assumed that the gas is under the influence of 
a uniform horizontal magnetic field and that it has an infinite electrical conductivity. We will 
investigate the problem of small vertical oscillations about equilibrium, i.e., oscillations which 
depend only on the time t and on the vertical coordinate z. 
Let the equilibrium pressure, density, temperature and magnetic field strength be denoted 
by Ps, pc, 2’0, and Be, where PO and TO satisfy the gas law PO = RTopo and the hydrostatic 
equation Pi + gpo = 0. Here, R is the gas constant, g is the gravitational acceleration and the 
prime denotes differentiation with respect to Z. The equilibrium pressure and density, 
PO(Z) = PO(O) exp (-fj) , PO(Z) = PO(O) exp (-5) , 
where H = RTo/g is the density scale height. 
Let p, p, w, T, and B be the perturbations in the pressure, density, vertical velocity, tempera- 
ture and the magnetic field strength. The linearized equations of motion are: 
POW +P, +gp+ 
Pt + (PO w>z = 0, (2) 
Bt+Bow,=O, (3) 
po(cv(Tt +qT) +gHd = KT,,, (4) 
P = R(PO T + To P). (5) 
These are, respectively, the equation for the change in the vertical momentum, the mass conser- 
vation equation, the equation for the rate change of the x-component of the magnetic field, the 
heat flow equation and the gas law. Here, cv is the specific heat at a constant volume, q is the 
Newtonian cooling coefficient which refers to the heat exchange and K is the thermal conductivity, 
all are assumed to be constants. The subscript .z and t denote differentiation with respect to z 
and t respectively. Equation (4) includes the heat flux term cv po qT, which comes from the lin- 
earized form of the Stefan-Boltzman law. We will consider solutions which are harmonic in time 
i.e., ‘uI(z, t) = W(z) exp(-iw t) and T(z, t) = T(z) exp(-iw t), w h ere w denotes the frequency of 
the wave. 
It is more convenient to rewrite the equations in dimensionless form; z* = z/H, w, = c/2H, 
W* = w/c, w* = w/w,, t* = tw,, K* = 2t4cVcHp,,(0), a = c;/c2, T’ = T/2yTo, q” = q/wa, 
where c = Jm = m is the adiabatic sound speed, cA = Bold% is the AlfvQn 
speed at z = 0, and w, is the adiabatic cutoff frequency. The stars can be omitted, since all 
variables will be written in dimensionless form from now on. 
One can eliminate p, p and B from equation (1) by differentiating it with respect to t and 
substituting equations (2)-(5) to obtain a system of differential equations for W(z) and T(z), 
.2-,+g W(z)+yaeZD2W(z)+iy(D-l)T(z)=O, 
(7 - 1) D W(Z) = y (i w - q) T(z) + Y K eZ D2 T(z), (7) 
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where D = 2. If, furthermore, W(z) is eliminated from the differential equation (6) by ap- 
plying D to it and substituting for D W(z) from differential equation (7) one obtains a single 
fourth-order differential equation for T(z): 
[ ( yw D2-D+c)+iq (nZ-D+$) -itceZD2 (,‘+D+$ > 
+y(w+iq)aeZ(02+D)-i~o~e2zD2(D+1)(D+2) T(z)=O. (8) 1 
In addition, it is convenient to introduce the dimensionless parameter E = K/Q, which measures 
the relative strength of the the thermal conduction with respect to the magnetic field. Conse- 
quently the differential equation (8) becomes 
D2-D+$ - icae” D2 D2+D+y) 
+y(w+iq)aezD(D+1)-iy~(aez)2D2(D+1)(D+2) T(z)=O. (9) 1 
Finally, the first two terms of equation (9) may be combined to give the following equation, 
K D2-D+$) -ic(~)e’D2(D2+D+~) 
+~aeZD(D+l)--i(y) (aez)2D2(D+1)(Df2) T(z)=O. (10) 1 
wherer=y(w+iq)/(yw+iq)=$W+iq)/randr=yw+iq. 
BOUNDARY CONDITIONS. To complete the formulation of the problem, certain boundary con- 
ditions must be imposed to ensure a unique solution. The exact nature of the exciting force 
need not be specified, since our object is to investigate the reflection and dissipation of the waves 
which, for small K and cy, take place at a high altitude. 
Boundary conditions are required at z = 0, and we shall adopt the lower boundary condition 
(LBC): in a fixed interval 0 < z < ~0, the solution of the differential equation (10) should 
approach some solution of the limiting differential equation (K + 0 and c~ --) 0), 
D’-D+y 
1 
T(z) = 0. 
Considering the lower boundary condition is simpler than prescribing T(z) and W(z) at z = 0. 
To first order the boundary layer has no effect on the reflection and dissipation process, which 
takes place at a high altitude. 
Two further conditions which refer to the behaviour of the solutions for large z are required 
and we shall call these conditions the upper boundary conditions. The first one is the Entropy 
Condition (EC), which is determined by the equation for the rate of change of the entropy 
(see [2,5,6]) from which it follows that 
K J O" ITz12dZ < co. (11) 0 
If the atmosphere were viscous an appropriate condition would be the Dissipation Condition (DC), 
which requires the finiteness of the rate of change of the energy dissipation in an infinite column 
of fluid of unit cross-section (see [1,5,6]). Since the dissipation function depends on the squares 
of the velocity gradients, the dissipation condition is equivalent to 
In this problem, the fluid is inviscid, but the integral in (12) is proportional to the magnetic 
energy in an infinite column of fluid (equation 3). This condition will be applicable so long as 
there is no energy radiation to infinity (see [3,6]) which is true in this problem. Both of the upper 
boundary conditions are necessary and sufficient as upper boundary conditions if Bo, K > 0. 
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3. SOLUTION 
In this section, we shall investigate the behaviour of the solution of the following differential 
equation 
K 02-D+z.g > +7aeZ(D2+D)- T-2 (i)(aezD2(D2+D+$) 
- - 0 “,’ r(aeZ)2D2(D+1)(D+2) >I T(z) =O, (13) 
for small E and q 2 0. At the outset, we have to indicate that the dimensionless parameters IC 
and Q are sufficiently small and proportional to the values at z = 0 of the thermal diffusivity and 
the AlfvCn speed. For convenience, the parameter E can be written like 
(14) 
Thus, E measures the relative strengths of the thermal diffusivity me* with respect to the Alfven 
speed Q: ez. For small E we have R e” << (II ez. Thus, for cre’ << 1, we have two distinct regions. 
In the lower region, 0 < z < zi = - logo, the effects of the thermal diffusivity and the Alfven 
speed are negligible and for small q the motion is approximately adiabatic. Also, the solution 
of the differential equation (13) can be approximated by the solution of the following differential 
equation 
D2-D++w2 
4 1 T(z) = 0. (15) 
In the upper region, zr < z < co, the oscillatory process is influenced by the effect of the Alfven 
speed (we shall see that the solution will decay with altitude before it is influenced by the effect 
of the thermal conduction). In addition, the solution of the differential (13) can be approximated 
by the solution of 
[D2 (D + 1) (D + 2)] T(z) = 0. (16) 
These two regions are connected by a transition layer in the vicinity of ~1, in which the reflection 
and the wave modification take place. The transition region resulted from the exponential increase 
of the Alfven speed with height, owing to the exponential decrease of the density with altitude. 
It is clear from equation (13) that if q -+ co, we have r ---f i 00. Consequently, c/r + 0 and -r --f y. 
Once again the solution of the differential equation (13) can be approximated by the solution of 
the following differential equation 
D2-D+q+yae’(D’+D) T(z)=O. 1 (17) 
To obtain the solution of the differential equation (13), for small E and q 2 0, it is convenient to 
introduce a new dimensionless variable [ defined by [ = -e*/o, which transforms equation (13) 
into 
[( E E2D2+2tD+$ - @D2+ 
-Y (18) 
where D = $ and arg(E) = 0. It is clear that the differential equation (13) leads to a singular 
perturbation problem. The solution can be found by matching inner and outer approximations in 
an overlapping domain. The differential equation for the inner approximation can be obtained by 
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letting T(c) = R(J) + O(E) and setting e = 0 in equation (18). We obtain the following differential 
equation 
[ 
$(I-+P-z$D-$] R(ti) = 0, (19) 
where $J = 5. It is clear that equation (19) is a special case of the hypergeometric equation 
[7/!J(1-~)D2+(C-((a+b+1)~)D-ab]T($J)=0, (20) 
with c = 0, a + b = 1, and ab = rw2/4 (see [lo]). Also, it has three regular singular points at 
$ = 0, II, = 1, and 1c, = co. The intermediate singular point x = 1 corresponds to the transition 
layer. 
To obtain the differential equation for the outer approximation, we introduce the stretching 
variable x = E/e = -e*/K, let T(c) = E Q(x) +O(e2) an d re ain the lowest terms in the differential t 
equation (18). We have the following differential equation 
where D = & and n = w + i q. Since x -+ co for every fixed value of [ as E -+ 0, the asymptotic 
behaviour of the solution of the inner approximation R(c) as E -+ 0, have to be matched with 
the solution of the outer approximation Q(x), which satisfies the upper boundary conditions, 
as x ---) co. The differential equations (19) and (21) are, respectively, similar to the differential 
equations (13) and (14) in [3]. Also, they are similar to the differential equations (3.4) and 
(3.9) in [2]. The procedure for finding the asymptotic behaviour of the solution is the same. 
Consequently, the details of the computation need not be repeated and we merely state the 
conclusions. The results are different, of course, because of the influence of Newtonian cooling 
on the oscillatory motion. The solution of the boundary value problem (13) in the lower region, 
which satisfies the prescribed boundary condition, can be written in the following form 
T(t) N const.[exp(az) + RC, exp(bz)], (22) 
where a = (1 + d-)/2, b = (1 - d-)/2 and RC, denotes the reflection coefficient 
defined by 
RC, = exp[(b - e) (log ]crr] + 13,) + i6], 
To investigate the effect of Newtonian cooling on the behaviour of the solution, it is convenient 
to write the parameter T in the following form 
7 = [(y + 1) - (y - 1) (~0~28, - i sin28,)], 6, = arctan E , 
( > 
o<o, < ;. (24 
For w greater than the adiabatic cutoff frequency wa = 1, we have (d-)/2 = 
+(-d(9) + i kz), where d(u) denotes the attenuation factor in the amplitude of the wave and 
lc, = (Jm)/2 is the adiabatic wave number. Consequently, the solution (equation (22)) has 
the following form 
1 
2 - d(q) + i k, ;+d(q)-ik, I , 
> I 
(25) 
where R C, = exp[2 (d(q) log ]o r]) + k, 0,) + i(2(d(q) Or - k, log ]r LY]) + @)I. (26) 
For large q and w greater than the isothermal cutoff frequency wi = l/6, we have the same 
form for the solution except that ka will be replaced by the isothermal wave number ki = 
(d-)/2. T o o bt ain the behaviour of the attenuation factor d(q), it is convenient to write 
1_Tw2= 
[ 
1_ (7-;)w2] +(r-1)~~(~0~2~~--~sin2~~), 
2 (27) 
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which represents a semicircle in the complex plane with center at 1 - (y + 1) w2/2 and radius 
(7 - 1) w2/2 as & varies from 0 to n/2. Thus, as q increases d(q) rises to a maximum value when 
q = O(1) and th en decay to zero as q --f co. At the same time, the wave number increases from 
its adiabatic value to the isothermal one. The first term on the right of equation (25) represents 
an upward propagating wave, its amplitude decaying with altitude like eMd(qjz, while the second 
term is a downward travelling wave decaying at the same rate. The reflection takes place in the 
vicinity of z = - log(or). We have to indicate that waves propagate for all frequencies, but 
except in the limiting cases q = 0 and q -+ co. 
When q = 0, the parameter r = 1, d(q) = Or = 0, 0 = 8, ( i.e., evaluated in terms of ka) and 
equations (25) and (26) become 
T(z) N const. exp [ (($+ika)z) +RCaexp((i+ik,).z)], 
(28) 
RC, = eiel, 81 = ea - 2k, log(o). 
On the other hand if q -+ cm, the parameter r + y, d(q) + 8, + 0, k, + ki, 8 -+ t9i (i.e., 
evaluated in terms of ki) and equations (25) and (26) have the following form 
T(z) - const. exp [ ((~.iki)z)+RCiexp((~+iki)r)l, 
(29) 
RCi = eie2, 02 = 8i - 2ki log(y LY). 
The time average of the kinetic energy associated with the wave is 
(KE)= 
I+ lRCi[' + 21RCil cos(2ki (z + logycu) - &) 
211 + RCi12 
7 (30) 
which represents a sinusoidal oscillation with a wavelength Xi = 2n/ki. A similar expression for 
the case of q = 0, with RCi, &, and Xi are replaced by RC,, Ba, and X,, respectively. Also, it 
is easy to see, from equation (3), that the magnetic energy (ME) is proportional to the kinetic 
energy. Consequently, any conclusion on the values of the kinetic energy for the case of q -+ co 
will be applied on the values of the kinetic energy for the case of q = 0, and on the values of 
the magnetic energy for both limiting cases correspondingly. It is clear that the maximum and 
minimum of the kinetic with respect to z are 
(31) Map = (2;:iyi!/t, 
z 
min(KE) = (2I,I-:yi!/f, 
Z 
at ZM = 
&f2n7r 
2ki 
- logoy, Z, = 
Bi f (2n + 1) 7r 
2ka 
- log ct y, respectively. (32) 
From the above results and discussion, we have the following conclusions 
(4 
W 
It is clear that IR C,) = IR Ci I = 1. Consequently, the magnetic field creates a nonabsorb- 
ing reflecting layer when q --t 00 and when q=O. On the other hand, for small q, we obtain 
lRC,l = exp(2 (d(q) log Icy rl+ k, e,)), which indicates that the magnetic field produces a 
reflecting and absorbing layer through the transformation of the oscillatory process from 
the adiabatic form (q = 0) to the isothermal one ( q 4 00). 
It follows from (A) that M~~(KE,) --+ l/(1 + cos&) and Mm(KEi) -+ l/(1 + cos&). 
Consequently, M~x(KE,) -+ co and Mm(KEi) + 00 if 01 = rt(2n + 1)~ and 02 = 
f(2n + l)~, respectively, i.e., if 
log a = w/w f (n + 1)) Xa 
2 
, 
logy a = ww4 5 (n + 1)) Xi 
2 (33) 
Magneto-Acoustic Waves 15 
We call these equations, “resonance equations.” It shows that the resonance may occur for 
infinite values of the frequency and of the magnetic field if the wavelength, in the lower 
region is matched with the strength of the magnetic field. 
(C) When q -+ m, we have d(q) = 0 and k, -+ ki. From equation (4), we obtain (T/DW) 0: 
l/q. Thus, T + 0 as q -+ co. This indicates that if the heat exchange due to the 
radiative cooling is intense, the temperature perturbation will be eliminated in a time 
small compared to the adiabatic cutoff frequency. 
(D) If the Newtonian cooling coefficient is large compared to the adiabatic cutoff frequency, 
we have three ranges for the frequency: above the adiabatic cutoff frequency, below the 
isothermal cutoff frequency, and in between. In addition, the effect of thermal conduction 
can be excluded. 
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